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ABSTRACT

Cole and Huth [1] have studied the effect of a line
load moving with constant velocity V along the surface of
an elastic half-space. The present paper treats the equiva-
lent problem for a viscoelastic (standard solid) material
when the velocity V is less than the velocity Cq of
shear waves of high frequencies (Q - «).

In Reference [1)no solution could be cbtained when the
velocity V was equal to the velocity of Rayleigh waves,
The present analysis yields a solution for this special vé—
locity. It also permits an evaluation of the effects of
viscosity at other values of V ., 1In certain ranges these
effects are minor, but in other ranges major differences oc-

cur due to focusing phenomena.,.
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PARTIAL LIST OF SYMBOLS

Velocities of shear waves in the limits {Q > o«

and > 0 , respectively

Velocities of dilatational waves in the limits

@ > and O > O , respectively

X "t2
[ e dt , the error function
o

2
e dt , the complementary error function

Bulk modulus

Ratio of wave speeds in the limit  »> o«
Dilational Mach number in the limit -+ «

-Shear Mach number in the limit - »

Ratio of relaxed to unrelaxed shear modulus
K(1 - m)

Load per unit length
Relaxation time

Time

Components of displacement

Velocity of the moving load
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THE EFFECT OF A MOVING LOAD ON A VISCOELASTIC HALF-SPACE

I. Introduction

The response of an elastic half-space due to loads moving
on the surface has been considered by Sneddon [1, 2, 3] who
obtained formal solutions for general loads, and closed solu-
tions for certain specific cases. Subsequently, Cole and
Huth [4] obtained by other methods closed form solutions for
the plane problem of a line load progressing with constant
velocity on the surface of the half-space. Miles [5] has con-
sidered the case of loads with axially symmetric distributions
acting over a circular area, the radius of which expands with
velocity V, Figure 1. He has demonstrated that the two-dimen-~
sional Cole and Huth problem, with an exception, is identical
with an asymptotic solution of the three dimensional problem
valid in the vicinity of the load front [5], This confirms
the intuitive conclusion that plane steady-state solutions,
which are relatively easy to obtain, can be used (with limi-
tations) as approximations in three dimensional situations
such as that shown in Figure 1.

The results of [4] indicate that the character of the
solution depends on the relative values of the velocity V
and of the velocities of dilatational and shear waves in the
medium, cp and Cq> respectively. The three resulting

cases were designated in {4] as subsonic, trans-sonic and




supersonic. Subsequently, it was noted in [5] that the steady-

state solution of [4] breaks down if V = c the velocity

R’
of Rayleigh waves, such that in this exceptional case the three
dimensional problem cannot be approximated by the plane solu-
tion.

Lorsch and Freudenthal [6] have considered a related
problem, the gquasi-static problem of a line load moving with
constant velocity on the surface of a viscoelastic (Maxwell
solid) half-space.

The plane steady-state problem of a line load progressing
with constant velocity V on the surface of a viscoelastic
(standard solid) half-space has been treated by Sackman [7],
but only for the supersonic case, i.e,, when V is larger
than all wave velocities in the medium. In the present paper,
an alternative case will be considered where V is smaller

than the limiting wvelocity = of waves of high (lim Q + )

frequencies,

In a standard solid the wave velocities decrease with
decreasing frequency ), the limiting velocities for O = O
being c;‘< cp, c; < Cq- The present case will therefore in-
clude subcases depending on the value of V relative to cg
and c;. The solutions obtained permit an insight into the
deviations between the response in elastic and viscoelastic
situations in general; further, a solution is presented for
the special case, V = Cgr> where no steady state solution

for the elastic half-~space exists.




A formal solution of the problem will be obtained by in-
tegral transform methods. Due to the complexities introduced
by the viscoelastic behavior, closed solutions, do, in general,
not exist, and recourse will be taken to asymptotic methods
of evaluation. The quantities of interest, the stresses and
accelerations, will be obtained, Additional quantities, such
as velocities or displacements, could be obtained if desired,
except for a free and undeterminable constant in the displace-
ments, The indeterminacy of the displacements is not unex-
pected; it already exists in the two-dimensional elastic prob-
lem [4], and even in the equivalent static one [8]. (The mat-

ter is discussed in [5].)




II. Formulation of the Problem

Let X, y, z designate a stationary coordinate system
in the half-space z ) 0, Fig, 2. A line load P of unit
intensity, positive if downward, moving in the negative x -

direction with uniform velocity V, may be described by
P(x, t) = 6(x + Vvt) (1)

where the symbol & indicates Dirac's function. The equa-

tions of motion are

Oj4,5 = PU; . (2)

The stress-displacement relation for a homogeneous iso-

tropic material, elastic in bulk, and viscoelastic in shear is

; 2~ ~
Gij = (k - 3 M)u&’& 6ij + p“(ui,j + uj,i) (3)
where k is the elastic bulk modulus. For the standard solid
L is the operator
- m+ T g%
=y 3 . (%)
1 + T 3t

In this relation p is the "unrelaxed" and mu the "relaxed"
shear modulus, while T is the relaxation time, (See Ref. 9).

The displacements may be written according to the Helm-

holtz resolution,

u; =0, F e Y (5)

as functions of the potentials & and Yi. In the present




problem, the material is in a state of plane strain, u, = 0,

and Eq. (5) reduces to
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o
mn
o
|

(6)

jw
1]
g
|
LS,

- + ¥, -
3 .’Z )x

where @ = ®(x, z), Yl = Ys = 0, and Yz = ¥(x, z).
Using Egs. (3), (4) and (6), the equation of motion (2)

becomes
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The purpose of the paper being the determination of a
steady state solution, consider a second coordinate system,
Fig. 2, moving with the load, and related to the stationary

coordinate system by the Galilean transformation:

+ Vt

(8)
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The steady state solution must satisfy the partial differen-

tial equations in x and =z,
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with boundary conditions




o m+vVT Ba_x m+VT %
czz(x,O)E pvE-2u ———% @,xx+2u —5 |¥ixs = - 6(x)
14+VT I 14+VT x
z=0
(10)
m+VT gl 1+VT gi
— pv= X
o, (x,0)= | pl—5* 20, +{e- Y, =0,
Xz 14+VT 3o Xz o mevr i{ xx
z=0
and the provision that
;4 O as z > o . (11)

The problem to be solved is now specified by Egs.(g),
(10) and (11).




III. Formal Solution

The solution of Egs. (9), (10) and (11) may be obtained
formally by the use of an integral transform technique. The
steady state disturbance from loads moving with a velocity
V<< Cq is expected to rxtend to infinity in both directions
such that the Fourier transform is appropriate.

The Fourier integral relations

_ r ik
Fo) = [ rle)e  a (12)
r€) =7 [ Fo)e  a (13)

apply provided F(x) satisfies certain conditions [10, 11].
As a first step the Fourier transforms for the stresses
and accelerations will be obtained.

Introducing dimensionless coordinates £ =

X
vt > 1T VT
Egs. (9) give:

D, - wa(l - M2 ili@)'a =0
nn

L n-iw
(14)
T 2 2 1-iw§ _
g T @ @ - Mp m—iw) 0
while Egs. (10) give:

—o2 (M2 - o M=iw - iy [Roiw - _ VI

of (M2 - 2 2-30) 5 (w, 0) - 2ia (1—ia)) ¥, (@, 0)= - ¥
(15)




2 2
where the following abbreviations are used: ME = %E ,M§==%§,
p p

cg=k+4g3[._t

p p
The symbols

1
—R_cg » C2=LL/p,
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tional and equivoluminal waves,

infinite frequency,

that

3,7

> o, In

are to remain

The solutions of Egs. (14)
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and n =1 - 4/3K(1 - m).

indicate the velocities of irrota-

respectively, in the limit of

addition, Eq. (ll1) requires

finite as

n-> o . (16)

are

_ _ 2 1-iw
na)dl ML n-iw

(17)

_ _ 2 1-iw
nu>41 MT m=-3iw

- _ 2 1-iw _ 2 1-iw
To make the quantities Q)VE. MZ —— and wAll MT —im

L n-iw

single valued, branch cuts and argument restrictions are made

below.

Further analysis requires separate consideration of

three cases, depending on the value of the velocity V. De-

noting the velocities of irrotational and equivoluminal waves

in the limit

Q> 0 by

c* =+vnc and
P P

c; = vVmc , the fol-

lowing three possibilities must be considered separately.

Case a:

Case b:

Case c:




Case a

If the branch cuts shown in Fig. 3 are used with the ar-

gument restrictions

2 1-iw
-7 {__ arg (l-— MZ m—iw) Com (a)
(18)
2 1-iw
- g. arg(l— M2 n—iw) <o (b)
then
+ nwfp
§=- L (2-M)e
Lw?AQ
(19)
. (2P
-_— VT .-
¥ =4 —— 216L e
e,

where the upper signs are to be used for R(w) < 0, the lower

signs for R(w) » O, and the following abbreviations are

employed:
9 =3
By = 1- M = 1- w2 2530
(20)
By = 1- Mg = 1- w530
o= (2-W)" - ¥,

The exponents thus chosen have negative real parts in the range
of & where they are to be used.
Substitution of Eg. (5) into Eq. (3) makes it evident that

the stresses may be written




.. = 0.. + 0O.. 21
Olj 013® ijy ( )

where Oij is the portion derived from ¢ and o the

ij
) ¥
portion derived from Y¥. The accelerations may be written in
a similar fashion.

The transforms of the stresses are then

_ (2 + W2 - o) (2 - W) =Py
o = = e
*Xg VT A

R R F anT
= _ 48P o
KRy VTA
_ (O, - ) (2 - W) * Py

= e

YY¥g VT A
o =0
vy (22)

(2 - M2)® X 9P
s} = - &
2Z¢ VTA
Gzzw = - Oxxw

2if (2 - M3) X @by
- L T
o = + — e
XZg VT A

.= =2, + nof,

5} =+ 216L(2_: Mg) e ’
XZy VT A

The transforms of the accelerations are

~10-




Case b

If the branch cuts shown in Fig. 4 are used with the

argument restrictions (18b) and

O‘i arg(l- M2 i:ii)  enm

then =

|
<
3

VT
— s — '~ =~
nwQ (2 - MT) + 4BL6T

vl
I
1+

Again, the upper signs apply for R(w) { 0,

(23)

the lower signs

for R(w) > O and the exponents have negative real parts,

Using the definition (21) and

_ —_— 2 — = =
A; = (2 - MT) + )+5LaT

-11-
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the transforms of the stresses are

(2 + M2 - éﬁi)(E - ﬁ;) + nf

- T L
(0] = e
XXp VTK;
_ M Fy "R
o o = E_T e
Ky VTA -
2 —2 + 4}
_ (M - 2M2) (2 - M) Wby,
o = — e
Y¥q VTA -
o =0
YY\i/
72\ + nwp

— (2 - MT) L
Opg, =~ = ©

[0) VTA;
Gzzy = - Gxxw
_ 2if (2 - M3) ¥ naby,
%z, =% - ©

¢ VTA I

.= -_2 (D_

_ B 21BL(2 - MT) " BT
Oypp = — e

14 VTA_;

The transforms of the accelerations are

-12-




_ io(2 - H2) F 9P

u, = -+ —— €
¥ p,TzA; Q
_ (28)
= =2 + nwp
Wg = —— e
MTZA; Q
— EwSL T]wBT
wy = + —— e
LLT2A:_Q

Case C

If the branch cuts shown in Fig. 5 are used with the
argument restriction (24) and a similar restriction for Ei

then

P = - — _T e
LA Q
(29)
¥= ——_e
LwiA Q

where the real parts of the exponents are again negative,

The transforms of the stresses are

-13-




- e
e VT A
_ 4SL6T ﬂwBT
(o} = - e
*Xy VTA
- (mf-amE)e - MZ2) aanL
YYo VT A -
OYY\IJ =0
. (30)
_ (2 - M2)2 nNuBp
(e} = - — e
22g VT A
OZZY = - OXXY
2if (2 - M2) TNwBy

o, = L I
Xz — €

@ VT A
__— 2if. (2 - M) NPy,
Xz, = e

¥ VT A

The transforms of the accelerations are

-1k~
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IV. Asymptotic Approximations for Large Values of 7

According to Egs. (13), (19), (25) and (29), the stresses
and accelerations are, in general, given formally by expres-—

sions of the form

o nwh_(w)
I= J( g_(w)e dw +

o,
(o]
+
S
o
o
g
W
o

Since the exponents have been chosen with negative real parts
and the functions g{w) are finite along the real axis with

the exception of the point |w| = o when V =c and of

R ’
the point ®w = 0 when V assumes the special value c; dis-—
cussed following Egs. (39), the integrals of Eq. (32) are of

a class for which asymptotic approximations may be obtained
for either large (n - «=) or small (n~>0,£>0) values of n: As
a result of the integrability of the functions g(w) the
major contribution to the integrals (32) for large values of

1 comes from the vicinity of the origin, and Laplace's method

as demonstrated in Ref. [12] is applicable,.

Case a

In this case the contributions from both potentials are

of the general form (32), I= Il + I2 . Consider the typical
contribution from the equivoluminal potential V¥ . In this
case
*2
M Z(1 - m)
-3 - & _qax_ s EN_ T 2

-16~-




and

—_ M¥Z(1 - m)
n(w) = By - 1= (85 - 1 8) + T in + 0(u?). (34)
T

Following the procedure outlined in [12] using only the
first term of the expressions (33) and (34) one finds for

*
vV # cx

o nwh_(w) N (—l)nn!An
I = J;)g_(w)e dw ~ 226 (nB; B ig)n+l (35)
where
nolh_(w)-h_(0)] =
g_(w)e = EO A " (36)
n=
Similarly,
® nmh+(w) N niB
I = dw ~ 23 = (37
. [ satoe Bt 7
where
wh (o) (0] =
g+(w)e = Z% B W - (38)
n=

Substitution of the appropriate expansion coefficients
A, and B into Egs. (35) and (37) leads to expressions for
the stresses and accelerations, Retaining only the leading

non-vanishing coefficient, An or B respectively, one

n 3

obtains for V # CE

-17-




- *2 _ %2 o M2 4 _ *2 4
Txx TA* EE-FMT 2ML ) (2 MT ) xZ + Bizzz 46T x° + B;zz%]

0yy T max (M;Z - 2M§2)(2 - M%z) X< + BE z

z
O2z ~ ~ %quﬁz - M$2)2 X< + Bi z 4BT X + B ]

25*(2 - M;Z) « N (39)
Opy ~ ~ AR [%z T pr2z? xZ + Br2 %}
_ 2V26£ (2 *2) XZ -2 2 XZ
U~ = AR M =z 7 5;2 ZyZ B == =+ 6;222)5
v2p* 2 _ p2,2 2 _ q%2,2
. PLl we2) (x2 ﬁgzzz)2 , (x2 63222)2
TmpA* | T (x= + By, ) (x= + Py 2 )
where

and

A* = (2 - MpE)2 - 4;3;5;

The velocity cg defined by A* = 0 corresponds to
the Rayleigh velocity for an elastic material having the
properties of the relaxed viscoelastic material. When

V = cf the expansions (36) and (38) must be replaced by

no(h_(w)-n_(0)1
g_(w)e =24 2 A" (40)

-18-




and

nw[h+(w)—h+(0)} B B_

9, (w)e (41)
respectively. The expressions resulting from the terms other

than A L and B ) were previously obtained. Only the in-

tegrals
2 (npp-i€)w ? nBrtié)w
f_&_ f? do  (42)
-0 @]
and
* »* i - * - * —3
2 / nBfw B\ ~ifw . ( Y nSTw\ it
= ‘[ o (2 - e e do - — e - e e dw
w o
Z o
(43)
need be considered.
By combining the two integrals in I8 one finds
— *
oo T]BLO‘)
I =21 = Sin €0 gy - 2i tan=! —5x . (44)
3 w nPy,
o
In a similar manner one finds
(i i S
_ _ cos £ 4 _ n
14_2fe e n dw—logmf—ggg-(%)

C

Substitution of the appropriate coefficients An or Bn

into Egs. (35), (37), (4%) and (45) leads to expressions for

-19-



the stresses and accelerations. Retaining only the leading

non-vanishing coefficient, An or Bn , respectively, one

obtains for V = CE
(2._M;2) 2 2 1 _X 1 X
~ o ————— *2 * -~ - - M¥2 -
Oxx 2TVIA% (2+M3® - 2Mp®)tan~* gz - (2- Mp®)tan B*z]
L T
*2 %2 _ Mmx2
o~ = oy L (2 - M) tan-t -2
* *
Yy QWVTAR 1.2
(2 - M;Z)Z [
- X -1 X
g ~ T Sromax | tan 1 %= — tan o
ZZ EWVTAR BLz 5Tz
(46)
Br(2 - wER)  x® + ppte?
°xz ~ T omvmax %9 X 5*Zz2
k3
\"
ii~2—BL‘¥A—*[(2—M;2)—z—Z—*=ZT 2p,2 —2———‘2—2']
ML TA X X< + BL z T x° + ST
‘B*V
o L %2 X _ X
v MU TA % [32 M) = 5{222' - 6;2z%]
where
M2 M,%
x2 _ L *2 . L *2 _ M*2 *2 - 2
ML " n ° MT T m L 1 ML ? B'I‘ 1 M;
and
* .. M*2 1l -m _ M*¥2\ _ a¥p¥|mx2 1 - n *2 1 = m
Sp=Mpy T (2 oM 5LB’I‘E4L ngrz M‘I‘EB—TE_]

-20—




The result (46) differs from Egs. (39) in two major re-

spects, In the latter, stress and acceleration decay as ﬁ%

2

and ft respectively, where r® = x® + z® , while if
*
R 2

A% c the stresses do not decay at all with respect to r
and the accelerations decay as '%% . The situation is some-

what comparable to the resonance of a damped oscillator.
The second significant difference between Egs., (46) and
(39) concerrs a matter of symmetry. Quantities 9y 5 and
ﬁi which were, respectively, symmetric and antisymmetric
with respect to x when V # c* , Eq. (39), are antisymmet-
ric and symmetric, respectively, when V = c; .
It is noted that there is no sudden change in behavior
concerning decay and symmetry depending on whether V = c;
or V # c¢* , but there is a gradual transition, This transi-
tion in the vicinity of V = c; is not contained in the
present results. It would require retention of more than

the first significant term in the asymptotic expansion,

Case b

In this case the exponent of the irrotational potential
® is identical with that for Case a. Therefore, EQs. (35)
and (37) are used again to obtain the irrotational contribu-

tions to the stresses and accelerations. The exponent of

the equivoluminal potential v is, however,

h (w) = h,(w) = h{w) = -i

+ O(w)®. (47)




Since the first term of this expression is purely imagi-

nary, the second term must be retained in order to employ

Laplace's method. 1In Eq. (32) let

o nwh (w ® nwh(w)
I =1 +I=fg(u)) da)+fg dw (U48)
5 8 - +
- 00 (o)
and one finds
L (nm;—é)zx
~ exp |- 1=
5 %2 LI
QnMT o
T
f < (nm - £) |2
X ‘[ > An -w) exp|- o nMT 2mmT mT — dw (49)
3 n=0 2nM§a

where the A  are defined in Eq. (36).

Retaining only the first non-vanishing coefficient A

one finds

A exp|- (o, - €)

e} 1-m
EHM§2 mm; i(nm; - £)
I5 ~ = Erfc T (50)
- m x2 L~
7 * 2 gnM T
MT 2mm; T i,
provided A # 0 , while
1
~ A -—_—
Is 1 UM*E 1 —*m +
T mmT
i(nmy - €) (nm¥ - €)% i(nmy - €)
T z exp|- —L = |Erfc T (51)
1l-m 1-m m 1-m
E]MTZ 2mm*] gnMTZ QnM;a —

if Ao =0 , Al ¢ o .

~00.




In a similar manner one finds

(nmg - £)?
B_ exp|- s 1 - m
QT] rm:ng l( an -
I~ Erfc - (52)
1 l - m
P R Yz L=
provided B # 0 , while
1
~ +
IB Bl M* 2 l_—-rg (53)
™ mm%
i(nmy, - €) (nm¥ - ¢)2 i(nmy ~ €)
T T exp| - z Erfc - r
1 - m)2 1-m 1l-m
21MMEE S Mz = 2nMEE —5
[ T 2mmT T mmT MT mmT

if B, =0, B, £ 0
Substitution of the appropriate expansion coefficients

Ap and B, into Egs. (35), (37), (50), (51), (52) and (53)

leads to expressions for the stresses and accelerations,

The leading terms of these expressions (except for ¢ y) are
of the type
o (x—m;z)z i (x—m;z)z
c z c(x—m%z) e z ivVq(x-mfz)
= e or e Erfc I
~N 2z ZS vz

where q is a positive constant. All other terms contain,

with or without the exponential factor, higher negative

bowers of z such that the response is only of consequence

~23-




for ratios f near m; - To obtain this siynificant part

of the response it is therefore sufficient to use expressions
valid in the vicinity of % = m; » At other locations the
Stresses and accelerations may be deemed to vanish in first

approximation. Thus, retaining only the leading non-vanishing

coefficient, An or Bn s respectively, one finds

— »* 2
(x mTz)

exp |- —
om*p¥* 2zvmMg® i(x - m*z)
TPy, T WD -(2-M?1*2)21Erf B\

g ~ YN )"' B T
Xx ﬂA_A+ yma*2 L= m TPy, rvmaElom
2mm; L N& mm;

26*(M*2 - 2M{2) M;Z)zz - 21&;5}_‘?!
Oyy A *AX X + prez®
92z ~ Oy (54)
(x - m*z)2
exp|- mgl -
¥%
B-]):(-‘(g_ *2) EZVTMT ¥ i(x - IH;Z)
gz ~ “IARAF hmEBINT - (2-M%) 2 iExf
-t /‘/ZVTMTZ ;Im;*m ,Vezvmq,z L
T
(x - m¥z)2
(x - m;z)~JVT exp|- Tl -
%% QZVTIV.I,":E,"2 T
§ . LT = i
+*
TIUTA*A ¥ e Lo n|?
MT 2mm;
i(x ~ m¥z }
X | 2mxp* VT o+ (2 - MX®)2 iErf
2zvIMx 2 L ‘*fJ
Mo
~ Lo
w m‘_)f‘
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where

* 2

s Mp™ =7 Bp =1’M{2’m?f2=M;2'l’

2 2
2% M*2 MT

A% = (2 - MX2)® -ibmppl , AT = (2 - M3®)Z + ilmip¥,

and the contributions of the irrotational potential & Thave

been neglected in all expressions except those for ovy
<

Case ¢

In this case, since h_(w) = h+(w) and g (o) = g+(w),

Eq. (32) may be written in the form

00 nwh(w)
I = glw)e dw . (55)

Since the exponents are of the form of Eg. (47), the second

terms of their expansions must be retained. Thus

I~ ] nZ_)O Anwn exp [ia)(nm;, - &) - wan,’I‘,z 1 :]da) (56)

ammg

where the A are defined in Eq. (36).

If the order of summation and integration are inter-

changed, each term is recognized as a Fourier transform

whose inverse may be taken from the tables [13]. Therefore,

one finds for the nth term

_ NT A n (nm¥ - €)%
n T nl-—m azn exp-szz———l"“' (57)
O T
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Substitution of the appropriate expansion coefficients

A into Eq. (57) leads to expressions for the stresses and

accelerations. The leading term in these expressions is of

the type
(x -~ m*z)2 (x - m*z)2
—d P M —4 z
c X =~ m¥x
== e or c<L———fE——l e
N Z zg

where q 1is a positive constant. All other terms contain
higher negative powers of 2z and an exponential factor of
the above type such that the response is only of consequence
for ratios % near m{ or m; . To cbtain the significant
part of the response it is therefore sufficient to retain
only the first non-vanishing coefficient A_ . At other lo-

cations the response may be deemed to vanish in first approx-

imation. The expressions for the stresses and accelerations

thus found for = 2 m{ are

(58)
) (2 - mt?)
922 7 T (2 + M%Ef— 2M£2) Ixx
Dm*
5 - L

Xz (2 + MX= - 2M£2) Oxx

06—




(2 - M¥3) JvT (x - m}:z) (x - mI*:z)2

.. T
u -~ - expt - —
4m|J.T2A*\/F P %2 1 - g EZVTM{Z ln *n
ML 2nm£ my,
W o~ m¥ (58)
mL contid,
X ~ %
and for - ~ mT
2m¥m* (x - m*z)2
xx ” Sk SXp = *z 1 - m
¥ *2 l - m 2zVTM ¥
A /VZWVTMT 555%— T mmT
o ~ 0
Yy
92z ~ 7 Oxx
(2 - we2)
o ~ =% — 0O
Xz 2m XX
T
. mim¥ VT (x - m%z) (x - m,"I“z)2
u - A% T eXp|- —
2mLTEA® mr2 L =_m 2 2zVTM;2 l—m?m
T Emm; T
1
W pE U (59)
T
where

and
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V. Asymptotic Approximations for Small Values of 17 and ¢

]

For small values of 1 and £ the asymptotic evaluation
gives in first approximation the rather obvious result that
the stresses are equal to those in an elastic medium having
the properties of the unrelaxed viscoelastic material. There-
fore, no further analysis will be required except for the spe-

cial situation V = Cgr> the Rayleigh velocity defined by

A = (2-M;§)2 - 4p.8, = 0.

In the special situation V = ¢ the functions h(w) and

W
g(w) exp[no(h(w) - h(0))] are expanded in powers of i , with

the result:

h_(a) =By - it +0(F)

h, (o) = - Bg-i % +0(2)
no(h_({w)~h_(0)] o (60)
g_(w) e = A2w2 +A®+ A+ nilA—nw_n
nw[h (w)-h, (0)] o
, ) -1
g, (w) e =B o + B w+ B + nilB_nm

The value of the integrals, in this case, is principally

due to the contribution from large values of 1, such that

~-N nwh_ (w) ® nuh, ()
I=I+1I =z jﬂ g_(w)e dw + j’ g+(w)e " dw (61)

where N is a large but finite constant. Using the trans-
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formation nw = s and retaining only the leading non-vanish-

ing coefficient An or B of the appropriate power series

n

expansion one obtains

~N (By - 1 £)s
I~ -+ j A sZe ds (62)
7 3 2
L —
provided A # 0, while
£
-NN (BT -1 l)s
I~ 3+ J[ As e ds (63)
7 g2 1

if A =0, a #£0.
2 1

For small values of 7 the limit -NMN may be replaced

by zero. This leads to the result

2A2

I~ (64)
T (B - i€)°

if A2 # 0, or

I~ - (65)

if A =0,a #o.

The error introduced by changing the upper limit of in-
tegration is NM where M is the maximum value of the func-

tion g(w) exp(nw[h_(w)—h_(o)]) in the interval 05> o > - .
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This error can be made as small as desired relative to the
value of 17 by selecting sufficiently small values of §
and 1.
The integral I8 may be treated in a similar manner with
the result
2B,

I~ = (66)
& (B + i€)°

provided B, # 0, or

if B2 =0, Bl # 0,

Substitution of the appropriate expansion coefficients
A and B_ into Egs. (64), (65), (66) and (67) leads to
expressions for the stresses and accelerations. Retaining

only the leading non-vanishing coefficient one obtains

VTR

L (G2 0o o) (- ) — 22— _ipg — 2 )2]

(x2+ ﬁLZZE)Z T (x2+ ﬁ;zz

Xz
(x®+ 6222)2

(M2 - 2M2) (2- M2)

ny 'FAR

(68)

_ 462 X2

~ - _M2)2
Gzz mA (2 MT)

vIE (2-2) | (x%-B227)  (x®- B22)
xz = A -

R (x2+ Bizz)2 (xzi-BSZZ)Z
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~ 2- - 2p2 —2T
nuAR' ( (X2+ Bizz)s T (x2+ 5;22 3
(68)
i (B22- x2)  x(3§et- x7) s
. B, V=T xX(3Bsz~- x X 2- X
w WiA (Q—M'?‘) 2L 2_2 - 2T 2_2\8
R (x=2+ BTz )e (x=+ Bz )
where
BE= l'ME; B'%: l"M"?u
and
MZ2(1-n) 2(1-m)
by = ME(1-m)(2-M2)- B By l—— + T -
BL BT

The situation here is quite similar to the one at large

distances when V = cX discussed in connection with Egs. (46) .

At small distances r > 0, if v # Cr the stress and accelera-

. . 1 1
tion increase as = and —

T e 2 respectively, [Ref- 4], where

r® = x® + z2, while if v = Cr the stress and acceleration
increase as f% and 75 s respectively. This is again some-
what comparable to the resonance of a damped oscillator.

The various quantities defined by Egs. (68) show symmetry
or antisymmetry with respect to x opposite to the behavior
of the equivalent quantities in the elastic solution for V#c

[Ref. 4].

As in the case V = CE, there is no sudden change in be-
havior concerning decay and symmetry, depending on whether
vV = cr Or v # Cr’ but there is a gradual transition. This
transition in the vicinity of V = °Rr is not contained in
the result (68). It would require the retention of more than

the first significant term in the asymptotic expansion.
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VI. Discussion of Results

The asymptotic approximations obtained permit a discus-
sion of the differences between the response for elastic and
viscoelastic materials. Deferring discussion of the special
situation V = Cr the asymptotic approximations for points
at small distances are found to be simply the elastic sub-
sonic solutions, "small" or "large" to be interpreted in com-
parison with the products of the relaxation time T and the

typical wave velocities ¢ c c¥ and ¢* . Using the

p’ s’ 7p s
smallest and largest, respectively, the asymptotic approxi-

mations for "small" distances apply if
r {{ ciT , (69)

while the asymptotic approximations for "large" distances

apply if
r D> c T . (70)

The differences between the elastic and viscoelastic
situations appear in the far field. These differences de-
pend on the relative values of the velocity V and the wave
velocities c; and cg . Three cases, previously designated

a , b and ¢ , have been considered.

case a v { e

In this case the velocity of the load is less than the

propagation velocity of any plane wave in the material, and




the effect of viscosity on the stresses and accelerations is
not radical. Consider, for example, the stresses as func-
tions of the distance 1 = NGFTQTEE—, but such that f is
constant, Fig. 6. 1In the elastic material the stresses are
equal to % , where ¢ depends only on the value of f

In the viscoelastic material, excluding the special case

V = c¥ , the stresses may still be written —%—; but c has
a slight dependence on r , For small values of r , c = c,

while for large values of ¥ , ¢ , Egs. (39), approaches a

slightly different value., As an example, the stress 0,

along X - 0 is shown in Fig. 7 as a function of =z for

z

the specific set of parameters Mé = 0.3, m=0.5, K= %
At large distances the ratio f%‘, in this example, approaches
the value 1.56. The value of this ratio depends on the value
of -%— and may be negative. Due to the fact that only the
asymptotic values have been obtained, the details of the de-
pendence of ¢ on r are not known,

The special situation, V = CE , may be compared to the
response of a damped oscillator at resonAnce, where stresses
and displacements are much larger than at non-resonant fre-
quencies., Similarly, for this value of V the stresses in

the far field are much larger than for other values of V

They no longer decay as % , but approach constant values

depending only on the ratio % . The accelerations which
previously decayad as ﬁt now decay as % . In addition,

quantities previously symmetric with respect to the variable
X become antisymmetiic and vice versa, as discussed in

connection with Eq. (#46).
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case b c; > v c¥

In this case, where the velocity V exceeds the velocity
of shear waves for low frequencies, -+ O , the far field
differs radically from the near field, and from the far field
in the elastic material, Before proceeding further, the
reader is reminded of the character of the supersonic elastic
solution, i.e. when V ) cp > cg - In this case the stresses
are discontinuocus. They vanish everywhere except at points
whare % has one of the values defining the P and S
fronts. At these points the stresses become infinitel, 1In
the elastic trans-sonic case, the stresses are the sum of a

smooth function % cea and of one which is discontinuous

2
at the S front.

In the viscoelastic case under consideration the response
in the near field is again given by the subsonic elastic so-
lution, just as in Case a. The stresses are of the form %
where ¢ 1is a smooth function of % . In the far field, how-
ever, the stresses vanish everywhere, in first approximation,
except in the vicinity of % = m; . The presence of the
viscous effects changes the response in the far field from a
smooth one, into one somewhat similar to the one in the elas-
tic trans-sonic case. 1In the viscoelastic material large yet

finite stresses occur within a small angle in the vicinity

of a critical direction defined by % = m; . In essence, the

' While the stress becomes infinite, the integral of the

stress across either front is finite and independent of r
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viscoelastic material focuses the response in this critical
direction. The focusing is not sharp, but decays exponentially

as shown in Egs. (54). Along the critical direction the

stresses, except ny , are of the form Jé;'- As an example,
z
the stress O,z along % = m; is shown in Fig. 8 as a func-

tion of 2z for the specific set of parameters M% = 0.75 ,

In this case the far field response in the viscoelastic
material again differs radically from that in an elastic ma-

terial., The situation is somewhat similar to that in Case D,

but there is focusing in the two directions % = m* and

L
§ = m; . It is to be noted that Case ¢ is only possible if

K > E77§3§735E ; this can occur only for a very small or

negative value of Poisson's ratio in combination with m {{1.

Special Case V = CR » the Velocity of Rayleigh Waves

In this case the elastic solution does not exist at all.
The stresses increase in magnitude as V approaches CR -
just as in the resonance of an undamped oscillator. The

presence of viscous effects leads to a finite response, Egs,

(68). The behavior of the solution for small values of r
differs radically from the elastic solution for V # SR in
two respects, Stresses and accelerationsin the latter case

increase for r - 0 as % and ;% , respectively, while

Egs. (68) indicate an increase as gt and gt s respectively.

..3 5._




In the vicinity of r = 0O the response for V = SR is

therefore an order of magnitude larger than for V # SR

In addition, there is a change from symmetric toqantisymmet—
ric behavior with respect to the variable x and vice versa.

The changes are quite similar to those encountered in the

far field when V = C;

The far field for V = cp can be obtained, depending

on the material properties, from Case a, b, or ¢, The fact

that V = Cr does not create a special situation in the far

field; r > o
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